The particle beam self-modulation instability in tapered and inhomogeneous plasmas is analyzed via an evolution equation for the beam radius. For a sufficiently fast taper the instability is suppressed, and the condition for growth suppression is derived. The form of the taper to phase lock a trailing witness bunch in the plasma wave driven by a self-modulated beam is determined, which can increase the energy gain by several orders of magnitude. Growth of the instability places stringent constraints on the initial background plasma density fluctuations.
1 Plasma-based accelerators have attracted considerable attention owing to the ultrahigh field gradients sustainable in an electron plasma wave. The electric field amplitude of the electron plasma wave (space-charge oscillation) can be on the order of E 0 = cm e ω p /e, or E 0 [V/m] ≃ 96 n 0 [cm −3 ] , where ω p = (4πn 0 e 2 /m e ) 1/2 is the plasma frequency, n 0 is the ambient electron number density, m e and e are the electron rest mass and charge, respectively, and c is the speed of light in vacuum. Plasma waves with relativistic phase velocities may be excited by the ponderomotive force of an intense laser 1 or the space-charge force of a charged particle beam, i.e., a plasma wakefield accelerator (PWFA).
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It has been proposed to drive a PWFA with a highly relativistic proton beam, such as those available at CERN (European Organization for Nuclear Research). 5, 6 Plasma wave excitation requires a drive beam density profile with frequency components at the plasma frequency, i.e., a beam density longitudinal scale length on the order of
. Compact, high-gradient accelerators require high plasma density, and therefore short drive beams. For example, the peak accelerating field driven by a narrow (k p σ r < 1) Gaussian beam (with k p σ z = 1) in the linear regime
, where σ r is the rms radius, σ z is the rms length, and N b is the number of particles. Hence a high gradient ( 1 GV/m) PWFA requires short beams (e.g., σ z 100 µm).
Generating short proton beams (or proton beams with spatial structure at λ p ) is challenging, and it has been proposed to rely on a beam-plasma instability to modulate the beam at λ p , driving a large amplitude plasma wave. 7, 8 The beam self-modulation occurs through the beam-driven plasma wakefield creating periodic regions of focusing and defocusing, modulating the beam density at λ p , driving a larger plasma density modulation that further focuses the beam periodically. The growth rate for the beam self-modulation instability was calculated in the long-beam regime (i.e., k p σ z ≫ 1) in Ref. 9 , and shown to be comparable to that of the hose instability.
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The phase velocity v p of the plasma wave can limit the energy gain in a plasma accelerator.
For example, if v p < c, a highly relativistic electron will outrun the plasma wave and phase slip from an accelerating to a decelerating phase region of the plasma wave. This limits the length over which the electron will gain energy to a dephasing length. For a plasma accelerator driven by a short (< λ p ) laser pulse, v p can be relatively low and dephasing can limit the energy gain. 11 For a PWFA driven by a short (< λ p ) highly-relativistic beam, v p 2 can be sufficiently high so that dephasing will not limit the energy gain.
Recently it was shown that the phase velocity of the plasma wave excited by a beam undergoing self-modulation is significantly less than the velocity of the drive beam. 9, 12 This result indicates that the energy gain of a PWFA driven by a self-modulated beam in a uniform plasma will be severely limited by dephasing, and that, in the long-beam regime, dephasing is reached in less than four e foldings, independent of beam-plasma parameters.
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For a PWFA in the linear regime, a witness bunch that propagates more than a dephasing length will not only move from an accelerating to a decelerating region, losing energy, but also from a focusing to a defocusing region, scattering the beam transversely.
To compensate for the slow wake phase velocity of the self-modulated PWFA, it is natural to consider tapering the plasma density, i.e., increasing the plasma density to reduce λ p , thereby increasing the phase velocity and phase locking the witness bunch in the plasma wave. 13, 14 Tapering will increase the efficiency of a self-modulated PWFA provided the taper is sufficiently slow so that decoherence effects do not suppress the instability.
In this work, we analyze the beam self-modulation instability including a spatial variation in the plasma density. The evolution equation of the beam radius in a tapered plasma is solved numerically, and the exponential growth of the instability is calculated in the limit of a slow taper. It is shown that, for a sufficiently fast taper, the instability is suppressed, and the condition for growth suppression is derived. The functional form of the taper (background plasma density profile) to phase lock a relativistic beam in the plasma wave driven by the self-modulated beam is determined. It is shown that growth of the instability places stringent constraints on the initial background plasma density fluctuations.
The wake generated by a particle beam moving through an initially neutral plasma can be calculated using the cold plasma fluid and Maxwell equations. We will assume that the plasma density is varying along the direction of beam propagation n 0 (z), with a variation slow compared to the plasma wavelength |∂ z n 0 | ≪ k p n 0 . Here we consider a wake driven by
of particles with charge ±e (e.g., proton or electron) and mass M b . In the linear wake regime, the envelope equation for the beam radius r b (ζ, z) at any beam slice
where 
with the normalized variablesζ = k p0 ζ,ẑ = k p0 z,k p = k p (z)/k p0 , and
with k p0 = k p (0). In the narrow beam regime, the equilibrium radius satisfies r 0 = [2ǫ
. Applying the plasma wave operator to Eq. (2) yields
For a long bunchζ ≫k bẑ , the self-modulation instability is in the strongly-coupled regime where the growth length is short compared to
b . In this regime we may consider a slowly varying envelope r 1 =r exp(ik pζ )/2 + c.c. such that |∂ζr| ≪k p |r| and |∂ẑr| ≫ 2k b |r|. From Eq. (4) we see that the taper will strongly perturb the instability when |∂ẑr| ∼ |ζ(∂ẑk p )r| or |∂ζr| ∼ |(k 
The number of e foldings of the wave amplitude growth is ℜ(N). For example if we consider a linear density taper n 0 (z) = n 0 (0)(1 + z/L t ), the number of e foldings of growth is ℜ(N) ≃
If the rate of taper is too large then decoherence effects will suppress the instability growth. From Eq. (4), the growth of the instability will not be affected by the taper provided |r −1 ∂ẑr| ≫ |ζ(∂ẑk p )|. Withr ∼ exp(N), this condition may be expressed as
For example, with a linear taper in plasma densityk
. Suppression of growth at large z for fixed L t is evident in Fig. 1 . 0.8 For sufficiently slow tapers satisfying Eq. (6), the phase shift of the plasma wave is given by the imaginary component of Eq. (5) such that r 1 ∼ exp(iψ) with
and ϕ is a constant. For a short (< λ p /2) witness beam injected behind the drive beam at
for a taper to be sufficiently slow, as to satisfy Eq. (6) and not suppress the instability, yet large enough to phase lock a witness bunch, requires injecting the beam well behind the
For large energy gains in the plasma wave it is desirable for the witness bunch to remain at a constant phase in the plasma wave (e.g., near the peak of the accelerating field), such that ψ = ψ(z = 0) = ϕ −ζ i . Here we assume the witness bunch velocity is relativistic, such that ζ i is constant. For the witness bunch to remain at a constant phase, Eq. (7) implies, provided the taper is slow, the tapered plasma is approximatelŷ
Equation (8) indicates that the optimal taper scale length is on the order of the growth length reduced by the number of plasma periods behind the head of the drive beam that the witness bunch is injected, and that we expect the form of the taper to bek p = 1 + ηẑ 2/3 .
Note that the condition for a slow taper Eq. (6) can be satisfied for the taper Eq. (8) only for
e., injection just behind the drive beam), we expect
to compensate for the reduced instability growth owing to the tapered density. Fig. 3(a) , a linear taper is a poor choice to phase lock a witness bunch, as the phase velocity continues to grow as the beam propagates, and the witness bunch will slip in phase with respect to the accelerating field. In general, the self-modulation instability will be suppressed for sufficiently large density variations (∆n f large) and sufficiently fast variations (k f large), as can be seen by considering an inhomogeneous density of the form n 0 (z) = n 0 (0 the fluctuations is long compared to the propagation distance (k f z ≪ 1), thenk p (z) ≃ 1 + ∆n f k f z/2, i.e., a linear taper, and Eq. (6) predicts that the instability will be suppressed for Fig. 4) . If the scale length of the density fluctuations is short, then decoherence between plasma oscillations at different plasma frequencies may occur between the head and tail of the beam suppressing the instability (if the instability growth is not sufficiently fast). Equation (4) In this work we have shown that tapering can be an effective method to compensate for the reduced phase velocity of the self-modulated beam-driven plasma wave. 
